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We present a scheme allowing to access the squeezing parameter of multimode fields by means of
the dynamics of nonlocal quantum probes. The model under consideration is composed of two two-
level systems which are coupled locally to an environment consisting of nonlocally correlated field
modes given by two-mode Gaussian states. Introducing independently switchable interactions, one
observes revivals of nonlocal coherences of the two-qubit system which are unambiguously connected
to the squeezing parameter of the Gaussian environmental states. Thus, the locally interacting two
two-level systems represent a dynamical quantum probe for the squeezing in multimode fields. It
is finally demonstrated that perfectly reviving nonlocal coherences also persists for nonentangled
correlated field modes and an explanation for this phenomenon is presented by connecting it to the
correlation coefficient of the environmental coupling operators.
PACS numbers: 03.65.Yz, 03.65.Ta, 03.67.Mn
I. INTRODUCTION
In almost any experiment and application of interact-
ing many-body quantum systems only a small number
of degrees of freedom can be controlled and manipulated
while the rest remains experimentally inaccessible. The
theory of open quantum systems [1] provides a differ-
ent view on this fact: The controllable quantities define
an open system whose dynamics is substantially affected
by the inaccessible degrees of freedom constituting the
environment. The environmental properties are thus im-
printed on the dynamics of the open system to a certain
degree making the open system a quantum probe for the
environment.
Recently, the use of quantum probes has been demon-
strated experimentally ranging from all-optical setups
[2, 3] to quantum many-body systems [4]. In addition,
several theoretical studies have shown quantum probing
strategies in various other quantum systems [5–11]. The
extraction of information about the complex environment
employing a quantum probe is frequently connected to
non-Markovian dynamics using the concept of the infor-
mation flux between the open system and its environment
[12, 13]. More precisely, the environmental properties are
revealed by the non-Markovianity of the open system dy-
namics [5, 8, 11].
Several experiments [14–16] have been performed
quantifying non-Markovian behavior in terms of the flow
of information between the open system and its environ-
ment. Apart from long-lasting, non-negligible system-
environment correlations inducing memory effects, it has
been shown theoretically as well as experimentally that
they can also be caused by nonlocal environmental cor-
relations [2, 8]. The first model studied in Ref. [8] illus-
trates this effect by means of an open system consist-
ing of two qubits coupled locally to a multimode field in
a nonlocally correlated initial state. Here, we consider
this model with independently switchable interactions,
which is inspired by the idea of having controllable quan-
tum sensors probing the system of interest, and provide
the correct expressions for the quantum dynamical map
for environmental states given by a product of two-mode
Gaussian states. For suitably adjusted parameters and
consecutively applied interactions, there are almost per-
fectly reviving nonlocal coherences identifying nonlocal
memory effects.
We then demonstrate how these nonlocal memory ef-
fects are influenced by the properties of the environmen-
tal multimode field imprinting unique signatures on the
dynamics of the open system. It can be shown that
the strength of the renascent coherences, corresponding
to the recovery of entanglement of maximally entangled
two-qubit Bell states, is unambiguously connected to the
squeezing in two-mode Gaussian states as a function of
the interaction length of the subsequently applied local
interactions. By monitoring the rephasing of the nonlocal
coherences for various time durations of the interaction
one is able to reveal the squeezing of the multimode field.
As the rephasing is inherently linked to a backflow of in-
formation the dynamics of the open system thus provides
a non-Markovian dynamical quantum probe for these en-
vironmental properties.
We finally demonstrate that entanglement is not neces-
sary for the occurrence of perfectly reviving nonlocal co-
herences by considering nonentangled, mixed two-mode
Gaussian states showing even stronger memory effects.
By means of an approximated dynamics, neglecting the
free evolution, an explanation for the phenomenon of
nonlocal memory effects along with a necessary and suffi-
cient condition for the properties of the two-mode Gaus-
sian states for sufficiently short interactions is provided
by linking it to the magnitude of the correlation coeffi-
cient of the environmental coupling operators.
II. PHYSICAL MODEL
We investigate the model of two two-level systems cou-
pled to a bosonic environment which was studied previ-
ously regarding the occurrence of nonlocal memory ef-
fects [8]. Each of the two qubits interacts locally with
its own multimode bosonic environment, where the two
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2environments are initially in a correlated total state (see
Fig. 1). In fact, one chooses for the initial state a product
of two-mode Gaussian states correlating pairs of modes
of the two bosonic environments.
The Hamiltonian of the total system is given by
H = H0 +Hint(t) , H0 =
2∑
i=1
(HiS +H
i
E) , (1)
with
HiS = iσˆ
i
z , H
i
E =
∑
k
ωik bˆ
i†
k bˆ
i
k . (2)
Here, bˆ
i(†)
k refer to the annihilation (creation) operator
of the kth mode of bath i = 1, 2 which satisfies the fa-
miliar commutation relation [bˆik, bˆ
j†
l ] = δklδij . Further-
more, σˆiz denotes the usual Pauli matrix and the energy
gap 2i of the two qubits can be arbitrary. The interac-
tion Hamiltonian is composed of local interactions, i.e.
Hint(t) =
∑
iH
i
int(t) which obey
Hiint(t) = χi(t)
∑
k
σˆiz ⊗ (gik bˆi†k + gik
∗
bˆik) . (3)
The coefficient gik denotes the strength of the coupling
between subsystem i and its bath mode k. Without loss
of generality we assume that the coupling strengths are
real-valued, i.e. gik ∈ R for i = 1, 2 and all k. The
function χi(t) is given by
χi(t) =
{
1 , t ∈ [tsi , tfi ]
0 , else
(4)
for some tfi > t
s
i > 0. It models the turning-on and -off
of the local interactions of subsystem i at time tsi and
tfi , respectively. The duration of the local interactions
and the turning-on can be varied independently for both
subsystems so that it is possible to tune continuously
from simultaneous to a successive application of the in-
teractions. This setup is motivated by the idea of having
FIG. 1. Schematic picture of two two-level systems coupled
locally to a correlated multimode environment. The envi-
ronment is initially in a product state of two-mode Gaussian
states correlating pairs of modes of the two baths. The local
interactions can be turned on and off independently.
controllable quantum sensors which can be brought in
contact with a complex environment for a certain time
interval, thereby acting as a quantum probe for environ-
mental properties. Without loss of generality we assume
ts1 ≤ ts2.
The essential part of the Hamiltonian is a well-known,
simple example of the spin-boson model leading to de-
coherence of the two-level system [17]. The dynamics of
the model is conveniently solved in the interaction pic-
ture. Turning to this picture the interaction Hamiltonian
transforms into
HIint(t) =
∑
j
χj(t)σˆ
j
z ⊗
∑
k
(gjke
iωjktbˆj†k + g
j
k
∗
e−iω
j
ktbˆjk).
(5)
Due to the bosonic commutation relation the commuta-
tor of the Hamiltonian at different times is a c-number
function, i.e.
[HIint(t), H
I
int(t
′)] = −2iφ(t− t′) , (6)
where φ(t − t′) = ∑j,k χj(t)χj(t′)|gjk|2 sin[ωjk(t − t′)]. It
is well known [1] that the time evolution operator in the
interaction picture is then given by
UI(t) = T exp
[
−i
∫ t
0
dsHIint(s)
]
= exp
[
i
∫ t
0
ds
∫ t
0
ds′φ(s− s′)Θ(s− s′)
]
· exp
[
−i
∫ t
0
dsHIint(s)
]
, (7)
where T denotes the chronological time-ordering. The
evolution operator thus consists of an overall phase factor
d(t) ≡ exp[i ∫ t
0
ds
∫ t
0
ds′φ(s−s′)Θ(s−s′)] and a nontrivial
unitary evolution operator V (t) ≡ exp[−i ∫ t
0
dsHIint(s)]
which can be rewritten as
V (t) = exp
∑
j,k
σˆjz ⊗ (βjk(t)bˆj†k − βjk(t)∗bˆjk)
 , (8)
where
βjk(t) =
gjk
ωjk
eiω
j
kt
s
j
(
1− eiωjktj(t)
)
, (9)
and tj(t) ≡
∫ t
0
dsχj(s). Here, we used that∫ t
0
dsχj(s)e
iωjks = ieiω
j
kt
s
j (1− eiωjktj(t))/ωjk. Note that the
phase factor eiω
j
kt
s
j , taking into account the influence of
the free evolution prior the turning-on of the interaction,
is missing in Ref. [8]. One concludes that the operator
V (t) is a product of two-mode displacement or Weyl op-
erators. The local unitaries Vj(t) (V (t) ≡ V1(t)V2(t)) act
therefore according to
Vj(t)|0〉 ⊗ |η〉 = |0〉 ⊗
∏
k
D(−βjk(t))|η〉 , (10)
Vj(t)|1〉 ⊗ |η〉 = |1〉 ⊗
∏
k
D(+βjk(t))|η〉 , (11)
3where D denotes the (single-mode) displacement opera-
tor and |0〉, |1〉 refer to the ground and excited state of
the two-level system, respectively. Moreover, |η〉 is an ar-
bitrary pure state of the environment. Finally, the time
evolution operator in the Schro¨dinger picture is given by
U(t) = e−iH0tUI(t) . (12)
Thus, the time evolution of the initially factorizing state
|ψ(0)〉 = |ψ12〉 ⊗ |η12〉 , (13)
(14)
where |ψ12〉 refers to any pure state of the two-qubit sys-
tem, i.e.
|ψ12〉 = a00|00〉+ a01|01〉+ a10|10〉+ a11|11〉 , (15)
and
|η12〉 =
⊗
k
|ηk12〉 , (16)
is a product state of arbitrary two-mode states |ηk12〉 of
the kth mode of bath 1 and 2, reads
|ψ(t)〉 = e−iH0td(t)
1∑
m,n=0
amn|mn〉 ⊗ |ηmn12 (t)〉 . (17)
Here, the time-evolved environmental states are given by
|ηmn12 (t)〉 (18)
≡
⊗
k
D
(
(−1)m+1β1k(t)
)⊗D((−1)n+1β2k(t))|η12〉 .
The reduced state of the two two-level systems is then ob-
tained by taking the partial trace over the environmental
degrees of freedom which yields
ρ12S (t) (19)
=
1∑
m,n,r,s=0
eit
(
[(−1)m−(−1)r]1+[(−1)n−(−1)s]2
)
amna
∗
rs · 〈ηrs12(t)|ηmn12 (t)〉 · |mn〉〈rs|
=
|a11|
2 a11a
∗
10κ˜2(t) a11a
∗
01κ˜1(t) a11a
∗
00κ12(t)
|a10|2 a10a∗01Λ12(t) a10a∗00κ1(t)
|a01|2 a01a∗00κ2(t)
c.c. |a00|2
 ,
where
κ1(t) = e
−2i1t〈η0012(t)|η1012(t)〉 , (20)
κ2(t) = e
−2i2t〈η0012(t)|η0112(t)〉 , (21)
κ˜1(t) = e
−2i1t〈η0112(t)|η1112(t)〉 , (22)
κ˜2(t) = e
−2i2t〈η1012(t)|η1112(t)〉 , (23)
κ12(t) = e
−2i(1+2)t〈η0012(t)|η1112(t)〉 , (24)
Λ12(t) = e
−2i(1−2)t〈η0112(t)|η1012(t)〉 , (25)
and
〈ηrs12(t)|ηmn12 (t)〉
=
∏
k
〈ηk12|
[
D
(
(−1)r+1β1k(t)
)⊗D((−1)s+1β2k(t))]†[
D
(
(−1)m+1β1k(t)
)⊗D((−1)s+1β2k(t))] |ηk12〉
=
∏
k
χrsmnk . (26)
Using the identities D†(α) = D(−α) and D(α)D(β) =
eiIm(αβ
∗)D(α+β) for displacement operators one obtains
χrsmnk (27)
= tr
{
exp
 2∑
j=1
γjk,rsmn(t)b
j
k
† − γjk,rsmn(t)∗bjk
 ρE,k} ,
with ρE,k = |ηk12〉〈ηk12| and
γ1k,rsmn(t) ≡ {(−1)r − (−1)m}β1k(t) , (28)
γ2k,rsmn(t) ≡ {(−1)s − (−1)n}β2k(t) . (29)
Hence, χrsmnk is the Wigner characteristic function of the
pure state |ηk12〉 which is easily determined for two-mode
Gaussian states. The previous derivation assumed for
the sake of clarity pure environmental states which can
however easily be generalized to arbitrary states ρE,k of
the kth bath modes.
III. COHERENCE FACTORS FOR TWO-MODE
GAUSSIAN STATES
In the following we present the explicit expressions
for the coherence factors (20)−(25) if the environmen-
tal state ρE,k of the kth bath modes is chosen to be a
two-mode Gaussian state whose covariance matrix is in
standard form. These states are distinguished among
other continuous variable system states due to their ex-
perimental relevance and simple mathematical structure.
More precisely, they arise for example as states of the
light field of lasers and are completely determined by the
first and second moments of canonical operators. More-
over, extending the concept of quantum discord to con-
tinuous variable systems [18, 19], it has been shown that
all two-mode Gaussian states which do not factorize have
nonzero quantum discord. Without loss of generality one
may assume that the Gaussian state has zero mean as
this can always be achieved applying local unitary oper-
ations [20, 21]. This does, however, not change the quan-
tum correlations of the two-mode state measured by the
quantum discord we are mainly interested in.
We recall that a state of a continuous variable system
ρ ∈ S(L2(Rn)) is an n-mode Gaussian state if and only
if for all ~x, ~y ∈ Rn the observable Yˆ ≡∑nj=1(xj pˆj−yj qˆj)
has a normal distribution on R in the state ρ [21], where
qˆj =
1√
2
(bˆj + bˆ
†
j) , pˆj =
−i√
2
(bˆj − bˆ†j) (30)
4define the canonical position and momentum operators.
That is, one finds for the characteristic function
χtρ(~z) ≡ Tr(ρ exp[−itYˆ ])
= exp
[
−it(lT~x−mT~y)− t
2
2
~wTS ~w
]
, (31)
where zj = xj+iyj for all j and ~w
T = (y1, x1, . . . , yn, xn)
and li = 〈pˆi〉, mi = 〈qˆi〉 denote the mean posi-
tion and momentum. Moreover, the (2n × 2n)-matrix
S is the covariance matrix of the operator Xˆ ′ =
(qˆ1,−pˆ1, . . . , qˆn,−pˆn), i.e.
S = σX′ ≡
((
1
2 〈{Xˆ ′i, Xˆ ′j}〉 − 〈Xˆ ′i〉〈Xˆ ′j〉
)
ij
)
. (32)
Equivalently, one may replace S by ΩnσXΩ
T
n [22, 23],
where the covariance matrix is given with respect to the
usual canonical operators Xˆ = (qˆ1, pˆ1, . . . , qˆn, pˆn) and
Ωn = ⊕nk=1ω with ω =
(
0 1
−1 0
)
(33)
defines the symplectic form encoding the canonical com-
mutation relations.
For t =
√
2 the operator exp[−itYˆ ] is called the Weyl
operator W(~z)
W(~z) = exp
 n∑
j=1
(zj bˆ
†
j − z∗j bˆj)
 . (34)
One can show [21, 24] that the right hand side of Eq. (31)
defines the characteristic function of an n-mode Gaussian
state for some l,m ∈ Rn and S ≥ 0 if and only if
S +
i
2
Ωn ≥ 0 . (35)
This condition is sometimes called the Robertson-
Schro¨dinger uncertainty relation and is a direct con-
sequence of the Schro¨dinger uncertainty relation and
Williamson’s theorem [25] which states that any real-
valued, symmetric and positive matrix can be trans-
formed into diagonal form by an appropriate symplec-
tic operation [24]. Note that Eq. (35) implies positivity
of S and that one has S + (i/2)Ωn ≥ 0 if and only if
S − (i/2)Ωn ≥ 0.
Now, suppose that the environmental states ρE,k for
all k are two-mode Gaussian states with zero mean. Ac-
cording to Eq. (31), Eq. (27) is then given by
χrsmnk
(
(γ1k,rsmn(t), γ
2
k,rsmn(t))
)
= exp
[
−~λk,rsmn(t)TSk~λk,rsmn(t)
]
, (36)
where
~λk,rsmn(t) ≡

Im(γ1k,rsmn(t))
Re(γ1k,rsmn(t))
Im(γ2k,rsmn(t))
Re(γ2k,rsmn(t))
 , (37)
and Sk satisfies Eq. (35). We point out that the co-
variance matrix which is considered in Ref. [8] violates
Eq. (35) for any c 6= 0 .
For any two-mode covariance matrix S there exist local
symplectic operations such that the expectation values
〈{qˆi, pˆj}〉 are removed [26, 27]. This implies that S is
transformed into the so called standard form
Ssf ≡
 a 0 c+ 00 a 0 c−c+ 0 b 0
0 c− 0 b
 , (38)
where a, b, c± ∈ R and a, b ≥ 1/2. We remark that the
local symplectic operations correspond to special local
unitaries on the level of density operators [19, 21] so that
the quantum discord of two-mode states is invariant un-
der such a transformation of the covariance matrix. As a
covariance matrix in standard form has vanishing cross-
covariances 〈{qˆi, pˆj}〉, one directly sees from the defini-
tion that such a matrix, associated to the set of operators
Xˆ ′ = (qˆ1,−pˆ1, qˆ2,−pˆ2), equals the covariance matrix σX
obtained for Xˆ = (qˆ1, pˆ1, qˆ2, pˆ2).
The coherence factors defined in Eqs. (20)-(25) can now
be written as products of characteristic functions, i.e.
κ1(t) = e
−2i1t
· exp
[
−
∑
k
~λk,0010(t)
TSk~λk,0010(t)
]
, (39)
κ2(t) = e
−2i2t
· exp
[
−
∑
k
~λk,0001(t)
TSk~λk,0001(t)
]
, (40)
κ12(t) = e
−2i(1+2)t
· exp
[
−
∑
k
~λk,0011(t)
TSk~λk,0011(t)
]
, (41)
Λ12(t) = e
−2i(1−2)t
· exp
[
−
∑
k
~λk,0110(t)
TSk~λk,0110(t)
]
, (42)
where κ˜j(t) = κj(t) and Sk refers to the covariance ma-
trix of a zero-mean two-mode Gaussian state. Hence-
forth, we assume that the Gaussian states are identical
for all modes, i.e. Sk = S for all k and are in standard
form. After performing the continuum limit for an ohmic
spectral density Jj(ω) = αjω exp[−ω/ωc] with equal cut-
off frequency ωc but different couplings αj for the two
bosonic baths, the exponential functions in Eqs. (39)-
(42) can be evaluated for a general covariance matrix in
standard form employing Laplace transforms. One ob-
tains expressions containing the Laplace transform L of
(1− cos(yt))/t and sin-modulated functions in the expo-
nent which can be evaluated using standard techniques.
5More precisely, by means of
L{(1− cos(yt))/t} (s) = 1
2
log
[
1 +
y2
s2
]
, (43)
L
{
sin(xt) sin(yt)t
}
(s) =
1
4
log
[
(y + x)2 + s2
(y − x)2 + s2
]
, (44)
for s 6= 0 one obtains for the coherence factors (39)-(42)
κ1(t) = e
−2i1t (1 + ω2c t1(t)2)−4aα1 , (45)
κ2(t) = e
−2i2t (1 + ω2c t2(t)2)−4bα2 , (46)
κ12(t) = κ1(t)κ2(t)f(t) , (47)
Λ12(t) = κ1(t)κ
∗
2(t)/f(t) , (48)
where
f(t) =
(
(1 + ω2c t
s
2
2)(1 + ω2c (t1(t)− t2(t)− ts2)2)
(1 + ω2c (t1(t)− ts2)2)(1 + ω2c (t2(t) + ts2)2)
)4c−√α1α2
·
((
1 + ω2c (t1(t)− ts2)2
)(
1 + ω2c (t2(t) + t
s
2 + t1(t))
2
)(
1 + ω2c (t1(t) + t
s
2)
2
)(
1 + ω2c (t2(t) + t
s
2 − t1(t))2
))2(c−−c+)
√
α1α2
(49)
given a covariance matrix in standard form (38) with real-
valued coefficients a, b and c±. Here, we have set ts1 = 0
for simplicity. The time ts2, at which the interaction of the
second spin with its bath is turned on, remains however
arbitrary.
IV. SQUEEZED THERMAL STATES
Having derived the expressions for the coherence fac-
tors assuming two-mode Gaussian states in standard
form (38) with zero means, we now turn to a relevant
subclass of these states for which we have c+ = −c−.
We consider squeezed thermal states (STS) which are
obtained from thermal states, described by a diagonal
covariance matrix, by applying only linear and bilinear
interactions of modes. More precisely, they are gen-
erated by the (two-mode) squeezing operator S2(r) =
exp[r(bˆ†1bˆ
†
2− bˆ1bˆ2)] with r ∈ R acting on the tensor prod-
uct of thermal states with mean photon number N1 and
N2 for the modes associated to the annihilation (creation)
operators bˆ
(†)
1 and bˆ
(†)
2 , respectively [28]. The variable r is
referred to as the squeezing parameter. Values of about
r = 5 can be realized in experiments [29]. The asso-
ciated covariance matrix σSTSX,r is in standard form and
determined by
a =
1
2
cosh(2r) +N1 cosh
2(r) +N2 sinh
2(r) , (50)
b =
1
2
cosh(2r) +N2 cosh
2(r) +N1 sinh
2(r) , (51)
c+ =
1
2
(1 +N1 +N2) sinh(2r) = −c− . (52)
As one can see, the squeezing operator is an active
device meaning that it adds energy to the initial states.
The difference in the mean photon number is, however, a
constant of motion so that the squeezing operator adds or
removes excitations to the same degree to either modes.
The assumption of equal covariance matrices Sk for all
pairs of modes k amounts to a mode-dependent temper-
ature such that the ratio (~ω)/(kBT ) is constant. For
high temperatures and a small cutoff frequency this is
approximately satisfied.
The entanglement properties of the squeezed thermal
states are uncovered using the PPT-criterion which has
been proven to be a necessary and sufficient entanglement
criterion for two-mode Gaussian states [26, 27]. Apply-
ing this criterion one finds that a squeezed thermal state
is separable if and only if the following inequality is sat-
isfied:
cosh2(r) ≤ (N1 + 1)(N2 + 1)
N1 +N2 + 1
. (53)
Thus, for a sufficiently strong squeezing r and fixed mean
photon numbers N1 and N2, positivity under partial
transposition is violated. The strength of the violation
can then be used as an entanglement quantifier.
A. EPR state
A special squeezed thermal state is given by the two-
mode squeezed vacuum which is also referred to as twin-
beam state. It is thus characterized by N1 = N2 = 0
and defines a symmetric two-mode Gaussian state sat-
isfying a = b (see Eqs. (50) and (51)). By comparison
with Eq. (53) one recognizes immediately that a squeezed
vacuum state is entangled if and only if r 6= 0 which is
directly clear from its representation in the Fock basis
[30]
|ψu〉 =
√
1− u2
∞∑
n=0
un|n〉 ⊗ |n〉 , (54)
6where u = tanh(r) and |n〉 denotes the nth Fock state.
Hence, this state is the analog of a maximally entan-
gled state for continuous variable systems as it corre-
sponds to the Schmidt decomposition of a maximally en-
tangled state for r →∞. The state represents the phys-
ical realization of the model used by Einstein, Podolski
and Rosen in their famous Gedankenexperiment [31] for
which reason it is also called EPR state [23]. This be-
comes clear by considering the state in the position rep-
resentation which is given by
ψu(q1, q2) = (55)
1√
pi
exp
[
−1
4
1− u
1 + u
(q1 + q2)
2 − 1
4
1 + u
1− u (q1 − q2)
2
]
.
One immediately recognizes that the exponent is domi-
nated by the second term in the limit r → +∞, yielding
a wave function with strongly correlated particle posi-
tions. In the opposite limit, i.e. r → −∞, the wave func-
tion describes strong anti-correlations of the positions of
the particles. The wave function of the EPR state thus
approximates a delta function δ(q1 ∓ q2) for r → ±∞.
In particular, this implies that this state approaches an
eigenstate of the operator
A∓ = qˆ1 ∓ qˆ2 (56)
in the appropriate limit leading to a vanishing variance,
i.e. 〈A2∓〉 − 〈A∓〉2 → 0 for r → ±∞.
V. PROBING THE SQUEEZING VIA
BACKFLOW OF INFORMATION
In this section we give a brief survey of the notion
of non-Markovianity in the dynamics of an open quan-
tum system quantified by an information backflow. It
is furthermore shown how the non-Markovianity, which
is connected to the dynamics of the Bell states in this
model, can be used to probe the squeezing of squeezed
thermal states. We start by recalling that the measure
quantifying the degree of non-Markovianity based on the
information backflow is given by [12, 32]
N (Φ) ≡ max
ρ1⊥ρ2
∫
σ>0
dt σ(t, ρ1, ρ2) , (57)
where ρ1, ρ2 are two orthogonal states of the open system
and
σ(t, ρ1, ρ2) ≡ d
dt
D(Φt(ρ1),Φt(ρ2)) (58)
describes the rate of change of the trace distance
D(Φt(ρ1),Φt(ρ2)) = 12 tr|Φt(ρ1)−Φt(ρ2)| of these states.
This can be understood as an information flux due to
the interpretation of the trace distance as a measure
for the distinguishability of two states [33–35]. The set
Φ = {Φt|0 ≤ t ≤ T} denotes the one-parameter family
of dynamical maps describing the dynamical evolution
of the open system. Hence, the measure N determines
the maximal increase of distinguishability for all pairs of
(orthogonal) input states.
Employing this tool to quantify memory effects in our
pure dephasing dynamics (19), a backflow of information
is signified by an increase of the coherences of the com-
bined two-level systems. Of particular importance are
the coherences κ12(t) and Λ12(t) (see Eqs. (47) and (48))
as they describe the nonlocal features of the joined state
of the open system. It can be shown that they are con-
nected to the entanglement of the Bell states
|Ψ±I 〉 =
1√
2
(|00〉 ± |11〉) , (59)
|Ψ±II〉 =
1√
2
(|01〉 ± |10〉) (60)
measured by the concurrence. For a two-qubit state hav-
ing a spectral decomposition in terms of maximally en-
tangled states with corresponding eigenvalues pi (i =
1, . . . , 4), the concurrence is given by [34]
C(ρ) = max
i∈{1,...,4}
2pi − 1 , (61)
The entanglement of the states ρ±I/II = |Ψ±I/II〉〈Ψ±I/II | at
time t thus obeys
C(ρ±I (t)) = |κ12(t)| , C(ρ±II(t)) = |Λ12(t)| . (62)
In addition, one finds for the trace distance of the or-
thogonal Bell states
D(ρ+I (t), ρ−I (t)) = |κ12(t)| , (63)
D(ρ+II(t), ρ−II(t)) = |Λ12(t)| , (64)
so that an increase of the distinguishability of the or-
thogonal Bell states is linked to revivals of entanglement
quantified by the concurrence in our model.
A. Nonlocal rephasing for squeezed thermal states
We now study the dynamics of the two two-level sys-
tems given by Eq. (19) induced by squeezed thermal
states with a covariance matrix whose nonzero entries
obey Eqs. (50)-(52). In the following we restrict our
considerations to subsequently applied local interactions
which last equally long. Performing the maximization in-
cluded in the measure N (57) numerically, one finds that
the maximal increase is given by one of the two orthogo-
nal pairs of Bell states as the coherence factors κ1(t) and
κ2(t) decay monotonically. Thus, non-Markovian behav-
ior is exclusively related to revivals of entanglement of
the Bell states being determined by the nonlocal coher-
ence factors κ12(t) and Λ12(t). In fact, only one of these
coherence factors shows revivals depending on the sign
of the squeezing parameter. For a positive squeezing, the
orthogonal pair of Bell states |Ψ±II〉 whose entanglement
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FIG. 2. (Color online) Dynamics of |Λ12(t)| for an envi-
ronmental state described by σEPRX,r with coupling strength
α1,2 = 1 and subsequently applied interactions of length
2.5 · 10−2 (in units of ω−1c ). Several values of the squeezing
parameter r for the EPR state are considered. One obtains
for the measure N : 4 · 10−3 (r = 1), 3 · 10−2 (r = 2), 0.22
(r = 3), 0.82 (r = 4), 0.82 (r = 5).
is quantified by |Λ12(t)| yield the maximal backflow of in-
formation. If one reverses the sign of the squeezing, the
Bell states |Ψ±I 〉 causes the maximal information back-
flow.
One immediately infers from the structure of the non-
local coherence factors that the nonlocal memory effects
are generated by the function f(t) [see Eq. (49)]. This
function solely depends on the entries c± of the covari-
ance matrix (52), so that the revival of the coherences
mainly depends, apart from the squeezing parameter, on
the sum NΣ = N1 + N2 of the mean photon numbers.
However, as the local factors κ1(t) and κ2(t) also enter
the definition of the nonlocal coherence factors, they are
also affected by the quantities a and b of the covariance
matrix resulting in unique open system dynamics per-
taining to the chosen parameters. Due to the parity of
cosh and sinh, changing the sign of the squeezing parame-
ter amounts to replacing f(t) by 1/f(t), thus, transform-
ing |κ12(t)| into |Λ12(t)|, and vice versa. This explains
the observed behavior regarding the pair of states yield-
ing the maximal information backflow.
Figure 2 shows the dynamics of |Λ12(t)| for the
squeezed vacuum for various positive values of the squeez-
ing parameter and a fixed duration of the interactions of
2.5 · 10−2 (in units of ω−1c ). One recognizes that the
bigger the squeezing the stronger is the variation of the
coherence factor. For example for r = 5, after a com-
plete decay, the modulus of the coherence factor Λ12(t)
revives substantially within the second period of inter-
action before attaining its constant value of about 0.82
after the second interaction has terminated. The non-
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FIG. 3. (Color online) The non-Markovianity N correspond-
ing to the maximal increase of |Λ12(t)| for σEPRX,r as a function
of the interaction length ωc∆t. The consecutively applied in-
teractions are of equal length and we have chosen α1,2 = 1
for the coupling strength.
Markovianity quantified by N obtained for this choice of
the parameters is about 0.82 . Moreover, for a larger
squeezing and a shorter interaction length, the effect
is amplified yielding a completely decaying and subse-
quently reviving nonlocal coherence factor.
The non-Markovianity given by the maximal increase
of |Λ12(t)| as a function of the interaction length for sev-
eral values of the squeezing is shown in Fig. 3 . One sees
that there exists an optimal duration of the subsequent
interactions with respect to maximally reviving nonlocal
coherences for a given value of the squeezing parameter
r. The same observation can be made for truly ther-
mal states where Ni 6= 0 for i = 1, 2. Here, we con-
centrate on squeezed thermal states with equal mean
photon numbers, i.e. N1 = N2, as the dynamics of the
nonlocal coherence factors is mainly affected by the sum
of the mean photon numbers. Fig. 4 shows the optimal
interaction length inducing maximal non-Markovian be-
havior measured by N for several squeezing parameters
and summed mean photon numbers. Again, the stronger
the squeezing for a given mean photon number NΣ the
shorter must be the subsequently applied interactions to
obtain a substantially reviving nonlocal coherence factor
Λ12(t). This is reflected in the decreasing optimal in-
teraction length depicted in Fig. 4 (a) . The effect of an
increasing mean photon number on the optimal duration
for a given squeezing can be seen in Fig. 4 (b) . Thus,
we see that the strength of nonlocal memory effects de-
pends on the magnitude of the coefficients c± (52) and
that the optimal interaction length revealing the maxi-
mal non-Markovian behavior is a decreasing function of
the magnitude of these quantities.
Furthermore, by looking at Fig. 4 (a), one recognizes
that the maximal non-Markovianity occurring for the op-
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FIG. 4. (Color online) The non-Markovianity N as a function
of the optimal interaction length ∆t (in units of ω−1c ) induc-
ing maximal non-Markovian dynamics for squeezed thermal
states for a given value of the summed mean photon numbers
NΣ (a) and the squeezing parameter r (b). The interactions
are of equal length and applied consecutively. The coupling
strength is given by α1,2 = 1. For the sake of clarity we have
chosen a stacked plot in (a) adding a cumulative offset of 0.1
to each curve.
timally lasting local interactions is uniquely connected to
the squeezing parameter for any fixed summed mean pho-
ton number. Thus, by means of the non-Markovianity of
the two locally interacting two-level systems one can de-
termine the squeezing parameter for a fixed and known
temperature of the local environments. In this way the
two-level systems represent a non-Markovian dynamical
quantum probe for this environmental property.
An experimental implementation of this novel probing
scheme requires knowledge about the mean photon num-
bers and to have full control over two two-level systems.
This means that one must be able to prepare the sys-
tem in the maximally entangled Bell states which then
have to be made interacting locally with the multimode
field for different times. For any duration of the interac-
tions one must only compare the outcomes of the state
tomography after the first and the second local interac-
tion in order to determine the non-Markovianity induced
by the squeezing. Hence, the scheme requires a reliable
preparation of identical environmental states character-
ized by the squeezing parameter and mean photon num-
bers. We want to point out that the probing scheme
is stable against an imperfect realization of equally last-
ing and successive local interactions. These imperfections
solely diminish the rephasing of the Bell states leaving the
unambiguous connection untouched which is at the heart
of this strategy. A possible application of this scheme is
to determine the squeezing of photon pairs generated by
parametric down-conversion by means of the dynamics
of the polarization degrees of freedom.
Finally, for a highly accurate experiment, it is even
possible to determine the small differences in the open
system dynamics caused by different mean photon num-
bers N1 and N2 which thus permits to assign not only the
squeezing parameter but also the mean photon numbers
to the dynamics of the Bell state. However, the accuracy
regarding the determination of the non-Markovianity
must be of the order of 10−3 to resolve the different evolu-
tions which may be challenging to achieve in experiments.
B. Extension to nonzero squeezing angles
The two-mode squeezed thermal states considered pre-
viously define a special subclass of squeezed states due to
the assumption of a real-valued squeezing. In general, the
squeezing operator S2(ξ) = exp[ξbˆ
†
1bˆ
†
2−ξ∗bˆ1bˆ2] can have a
complex valued parameter ξ = r exp[iφ] with φ ∈ [0, 2pi)
and r ∈ R+. The corresponding covariance matrix ob-
tained after applying this operation to a thermal state
has nonvanishing correlations between the canonical op-
erators of the different modes, i.e. 〈{qˆk, pˆj 6=k}〉 6= 0. More
precisely, one finds for the covariance matrix
σSTSX,r,φ ≡
1
2
(
aI2 c+R(φ)
c+R(φ) bI2
)
, (65)
where R(φ) =
(
cosφ sinφ
sinφ − cosφ
)
. Employing the odd (even)
parity of sin (cos), the transformation of the covariance
matrix with the symplectic form Ωn [Eq. (33)] discussed
in the definition of the characteristic function [Eq. (36)]
amounts to a flip of the sign of the squeezing angle φ.
The matrix R(φ) is not diagonal describing a state with
nonvanishing cross-covariances if the squeezing angle is
different from 0 or pi. In order to solve the dynamics
of the open system in this general situation, assuming
9again identical states for all two-mode Gaussian state and
an ohmic spectral density, one has to consider Laplace
transforms L of cos-modulated functions. For s 6= 0 we
find
L
{
cos(xt) sin(yt)t
}
(s) =
1
2
(arg[z+] + arg[z−]) , (66)
with arg[·] denoting the usual argument function with
values in (−pi, pi] and
z± = 1 +
x2
s2
± yx
s2
+ i
y
s
. (67)
Employing Eq. (66) where s = ω−1c > 0, the dynam-
ics can be solved for nonvanishing cross-covariances c12
and c21 of a covariance matrix σX . While the coherence
factors κ1,2(t) remain unchanged, the nonlocal coherence
factors attain an additional factor
g(t) = exp
[
4
√
α1α2
{
c12
1∑
k=0
(
arg[1 + ω2c (t2(t) + t
s
2)
2 + (−1)kω2c (t2(t) + ts2)t1(t) + iωct1(t)]
− arg[1 + ω2c ts22 + (−1)kω2c ts2t1(t) + iωct1(t)]
)
+ c21 · 2
(
arg[1 + iωct
s
2]− arg[1 + iωc(t2(t) + ts2)]
)}]
, (68)
where we have again set ts1 = 0. For a general squeezed
thermal state the nonlocal coherence factors (41) and
(42) are then given by
κ12(t) = κ1(t)κ2(t)f(t)g(t) , (69)
Λ12(t) = κ1(t)κ
∗
2(t)/ [f(t)g(t)] , (70)
with c12 = c21 =
1
2 (1 +N1 +N2) sinh(2r) sinφ.
The optimal interaction length leading to a maximal
rephasing of |Λ12(t)| for nonzero squeezing angles and
several squeezing parameters is depicted in Fig. 5. We
point out that the non-Markovianity of the dynamics
does not correspond to this rephasing in general. The
maximizing pair might be given by the Bell states |ψ±I 〉
associated to κ12(t).
Once again one observes that the larger the squeez-
ing parameter the shorter the optimal duration of the
local interactions. However, the connection between the
rephasing as a function of the optimal interaction length
is not as monotonic as for squeezing angles φ equal to
0 or pi . While the magnitude of the revivals of Λ12(t)
increases continuously with the squeezing for some pa-
rameters, e.g. φ = −pi/4, it shows a non-monotonic be-
havior for φ = pi/4 and decays even monotonically if
φ = pi/2. Nonetheless, the unambiguity of the rephasing
as a function of the optimal duration of the local inter-
actions and the squeezing parameters still allows the use
of the open system as a dynamical quantum probe for
these environmental properties. Hence, the monitoring
of the time evolution of the Bell states for subsequently
applied interactions and the determination of the result-
ing rephasing allows to estimate the squeezing parameter
as well as the squeezing angle for any fixed and known
mean photon numbers.
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FIG. 5. (Color online) The maximal increase of |Λ12(t)| as a
function of the optimal interaction length ωc∆t for environ-
mental states described by σSTSX,r with N1 = N2 = 0 and dif-
ferent squeezing angles φ. The data points correspond to the
rephasing of |Λ12(t)| obtained for different squeezing parame-
ters ranging from r = 1 to r = 5 in integer steps. The optimal
interaction length again reduces with increasing squeezing pa-
rameter.
VI. SEPARABLE GAUSSIAN STATES WITH
STRONG NONLOCAL MEMORY EFFECTS
In the preceding section we discussed the existence of
memory effects associated to the rephasing of the nonlo-
cal coherences and showed how they can be employed as
a quantum probe for the squeezing of two-mode squeezed
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thermal states. By looking at the necessary and sufficient
criterion for entanglement in these states [see Eq. (53)],
one observes that the considered thermal states are en-
tangled except for the parameter combination r = 1 and
NΣ = 8. The induced non-Markovianity for this environ-
mental state is, however, just about 0.4 for an already
relatively short optimal interaction length ωc∆t = 0.12 .
Here, we show that entanglement is not necessary
for strong nonlocal memory effects by considering the
dynamics generated by two-mode mixed thermal states
(MTS). These zero-mean Gaussian states are generated
applying the unitary operator U(χ) = exp[χbˆ†1bˆ2−χ∗bˆ1bˆ†2]
with χ = τ exp[iθ], where θ ∈ [0, 2pi) and τ ∈ R+, to a
two-mode thermal state with mean photon number N1
and N2, respectively. The unitary operation is, for ex-
ample, represented by the action of a beam splitter on
two modes of the electromagnetic field. In this case, the
quantity cos2 τ is typically referred to as the transmissiv-
ity of the beam splitter.
Assuming a perfect beam splitter, i.e. cos2 τ = 1/2,
and θ = 0 the diagonal covariance matrix of a two-mode
thermal state given by σX,th = diag(N1 +
1
2 , N1 +
1
2 , N2 +
1
2 , N2 +
1
2 ) transforms according to
σMTSX,Ni ≡
1
2
(
(N1 +N2 + 1)I2 (N2 −N1)I2
(N2 −N1)I2 (N1 +N2 + 1)I2
)
. (71)
Thus, the covariance matrix is in standard form and these
states are obviously mixed for N1, N2 6= 0 which can also
be seen by evaluating the purity, which is given by [22]
Tr(ρ2) = (2n
√
detσX)
−1 (72)
for an n-mode Gaussian state. If we take the first mode
entering the beam splitter to be in the vacuum state, i.e.
N1 = 0, and choose the parametrization N2 = cosh(2r)−
1 with r ∈ R for the mean photon number of the second
mode, the covariance matrix obeys
σMTSX,r ≡
1
2
(
cosh(2r)I2 (cosh(2r)− 1)I2
(cosh(2r)− 1)I2 cosh(2r)I2
)
. (73)
The passive transformation induced by U(χ) does not en-
tangle the zero-mean two-mode thermal Gaussian state.
For symmetric covariance matrices σsym in standard
form, i.e. a = b in (38), the Robertson-Schro¨dinger un-
certainty relation (35) and the PPT criterion [26, 27] can
be rewritten in the following way [22]:
σsym physically valid ⇔ (a− c+)(a− c−) ≥ 1
4
, (74)
σsym entangled ⇔ (a− c+)(a+ c−) < 1
4
, (75)
whereby one deduces that the covariance matrix σMTSX,r
defines a separable state for all r ∈ R. Hence, for
r 6= 0, implying nonvanishing cross-covariances 〈qˆ1qˆ2〉,
these states represent separable but correlated two-mode
Gaussian states.
The position representation of these state is deter-
mined by means of the Weyl transform which repre-
sents the inverse of the Wigner transform. One obtains
for the density matrix ρσMTSX,r (~q, ~q
′) = 〈~q|ρσMTSX,r |~q ′〉 with
~q, ~q ′ ∈ R2
ρσSX,r (~q, ~q
′)
=
1
pi
√
1
2 cosh(2r)− 1 exp
[
−1
4
(~q − ~q ′)TB(~q − ~q ′)
]
· exp
[
−1
4
(~q + ~q ′)TB−1(~q + ~q ′)
]
, (76)
where
B =
(
cosh(2r) cosh(2r)− 1
cosh(2r)− 1 cosh(2r)
)
(77)
For r  1 one has B−1 ≈ 12
(
1 −1
−1 1
)
so that the diagonal
elements ρσMTSX,r (~q, ~q) of the density matrix are propor-
tional to
ρσMTSX,r (~q, ~q) ' exp
[
−1
2
(q1 − q2)2
]
, (78)
representing a Gaussian distribution with constant vari-
ance with respect to difference in the particle positions q1
and q2. This is in contrast to the behavior for the EPR
state where the diagonal elements in the position repre-
sentation are increasingly (anti-)correlated in the parti-
cle positions with variance exp[−2|r|] for positive (nega-
tive) squeezing parameters, approaching a delta function
δ(x1 ∓ x2) for r → ±∞. The (zero-mean) two-mode
mixed thermal states thus have a nonvanishing second
moment of the operator A− = qˆ1 − qˆ2 (cf. Eq. (56)) for
any value of r. More precisely, one finds 〈A2−〉 = 1.
The dynamics of |Λ12(t)| induced by these Gaussian
states for α1,2 = 1 and subsequently applied interac-
tions of equal length (ωc∆t = 2.5 · 10−2) is presented
in Fig. 6 (a). By comparing the curves to the time evo-
lution of the coherence factor induced by the EPR state
(see Fig. 2) one recognizes that the rephasing is larger for
the separable Gaussian states. This observation is con-
firmed evaluating the non-Markovianity as a function of
the interaction length depicted in Fig. 6 (b). One recog-
nizes that the optimal duration of the local interaction is
longer compared to EPR states along with an amplifica-
tion of the induced non-Markovianity.
Note that the maximizing pair, exhibiting the largest
backflow of information, is given by the Bell states |Ψ±II〉
for all values of r due to the symmetry of σMTSX,r . Thus,
while the entanglement of |Ψ±I 〉 is monotonically decreas-
ing due to the interaction it can be reobtained and thus
preserved for an appropriately chosen interaction length
for the other Bell states.
Though the dynamics of |Λ12(t)| induced by these sep-
arable Gaussian states is independent of the instant of
time ts1 at which the first interaction is turned on, the
rephasing of the coherence factor is suppressed for ts1 > 0
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FIG. 6. (Color online) (a) The same as Fig. 2 for environmen-
tal states described by σSX,r. The non-Markovianity measured
byN is given by: 4·10−3 (r = 1), 3·10−2 (r = 2), 0.22 (r = 3),
0.84 (r = 4), 0.95 (r = 5). (b) The optimal interaction length
in terms of a maximal non-Markovian evolution for σSX,r as
shown in Fig. 3 for σEPRX,r .
if the initial two-mode Gaussian states are chosen to be
the EPR states. To explain this we observe that Gaussian
states remain Gaussian under the free evolution of the
bath modes, solely changing the argument of the charac-
teristic function (31) according to
~z 7→ ~˜z = (exp[iω1t]z1, . . . , exp[iωnt]zn)T , (79)
where ωi refers to the frequencies of the involved mode
in the Weyl operator (34). For the separable Gaussian
states (73) one easily shows that the phase factors can-
cel out so that the characteristic function is invariant
under the free evolution. This does, however, not hold
for the EPR states. In this case the characteristic func-
tion depends on the frequencies and the elapsed time t
making it impossible to retrieve the same Gaussian state
for all pairs of modes after the free evolution. Hence,
having identical Gaussian states seems to be of great im-
portance for the occurrence of nonlocal memory effects
which is spoiled by the free evolution of the bath modes.
We elaborate on this observation in the next section.
VII. EXPLANATION OF THE NONLOCAL
REPHASING
After having shown that there exist nonlocal memory
effects with respect to the revivals of nonlocal coherences
for appropriately adjusted parameters we now develop an
explanation for the occurrence of this feature and derive
a necessary and sufficient condition based on the entries
of the covariance matrix.
We have observed that a proper choice of two-mode
Gaussian states along with suitably lasting local interac-
tions are essential. While for very short-time interactions
the interesting coherence factor remains almost constant,
it decays irretrievably for long-lasting ones. Furthermore,
for successive interactions, introducing a gap between the
turning off and on of the two local interactions, the re-
vivals of the coherence factors are diminished, too. The
same phenomenon is observed for the EPR states if the
turning on of the first interaction is nonequal to zero as
reported previously. Thus, the free evolution of the bath
modes seems to lead to an irrecoverable displacement of
the environmental states which evolve according to the
dynamics induced by orthogonal states of the open sys-
tem. This conjecture is strengthened by the findings for
the second model presented in Ref. [8] showing nonlocal
memory effects where no free evolution is incorporated.
There, the rephasing relies solely on the equal duration of
the subsequent interactions being independent of the ac-
tual length and a possible gap between the interactions.
Furthermore, for environmental states in this model hav-
ing perfectly anticorrelated frequency distributions, i.e.
a correlation coefficient K = −1, the dynamics of the
nonlocal coherence factors featuring revivals is trivial for
simultaneously active interactions. The corresponding
states of the environment are eigenstates of the interac-
tion Hamiltonian if both interactions are turned on at
the same time.
Based on these observation, we claim that nonlocal
memory effects in the studied model can be explained
by a modified ansatz neglecting the free evolution of the
bath modes. For convenience, we also erase the free
evolution of the open system so that the dynamics is
then solely governed by Hint(t). For two-mode Gaussian
states showing nonlocal memory effects, we then expect
to observe (almost) perfectly reviving coherence factors,
Λ12(t) or κ12(t), for consecutive interactions while they
should be (almost) constant if the interactions coexist
12
under the approximate dynamics.
A. General dephasing model
We start by considering a general model undergoing
dephasing which also comprises the approximated dy-
namics introduced before. The decoherence function F (t)
has the general structure
F (t) = tr{exp[iAt]ρE} . (80)
where A refers to a self-adjoint operator. We assume that
this operator can be written as the difference of two local
operators A1 and A2 which are linear in the canonical
variables and may vary independently in the spirit of the
local interactions present in the original model.
If the operators Ai are simultaneously nonzero and ρE
refers to a Gaussian state one easily evaluates the de-
coherence function by means of a cumulant expansion
which terminates at second order due to the linearity of
A in the canonical variables:
F (t) = exp
[
i〈A〉t− 1
2
〈〈A2〉〉t2
]
, (81)
where 〈A〉 = tr{AρE} and 〈〈A2〉〉 = 〈A2〉 − 〈A〉2 repre-
sents the second cumulant (variance). This shows that
|F (t)| is exactly equal to 1 for all times t if and only if
〈〈A2〉〉 = 0 , (82)
from which one deduces that we must have
ρE = Πa , (83)
where Πa is the projection onto some subspace of an
eigenspace of A with eigenvalue a. Note that the con-
straint (83) implies that
[A, ρE ] = 0 , (84)
which is, however, only a necessary but not sufficient
condition for |F (t)| = 1 in general.
In the case of subsequently applied operators A1 and
A2 the decoherence factor obeys
|F (t)| = exp
[
−1
2
〈〈A21〉〉t2
]
, (85)
during the first interaction of A1. Summarizing the dis-
cussion in the beginning of this section, we had that a
strong rephasing effect can be observed over an appropri-
ate time interval [0, t] if and only if the reviving coher-
ence factor is almost constant for simultaneously active
interactions and decays rapidly within the first interac-
tion period for subsequent interactions. Based on this a
necessary and sufficient condition for the occurrence of
strong rephasing effects in the general dephasing model
is given by
〈〈A2〉〉  〈〈A21〉〉 . (86)
Assuming equal second cumulants for the local operators
A1 and A2, i.e. 〈〈A21〉〉 = 〈〈A22〉〉, this can be reformulated
as
1−KA1,A2 
1
2
, (87)
where KA1A2 = (〈A1A2〉− 〈A1〉〈A2〉)/〈〈A21〉〉 denotes the
correlation coefficient of the correlations between A1 and
A2. In order to satisfy Eq. (87) the correlation coefficient
hence must be positive and close to one.
We point out that the choice of (two-mode) Gaus-
sian states along with environmental coupling operators
which are linear in the canonical observables are essen-
tial for the condition for the occurrence of strong nonlocal
memory effects in the general dephasing model. If one of
these requirements is not satisfied the cumulant expan-
sion will not truncate at second order, leading in general
to a more complicated set of conditions for the rephasing.
B. Approximate dynamics
Neglecting the free evolution of both the bath modes
and the open system the decoherence functions for the
original model are determined. For a real-valued coupling
strength gik the evolution of the kth mode can be written
as [see Eq. (3)]
Hkint(t) =
√
2
2∑
i=1
gikχi(t)σˆ
i
z ⊗ qˆik , (88)
where qˆik refers to the canonical position operator associ-
ated to the kth mode of subsystem i = 1, 2. Applying this
Hamiltonian to the state |11〉 we see that the motion of
the environmental degrees of freedoms can be described
by an effective Hamiltonian
Hk,11int (t) =
√
2gk(χ1(t)qˆ
1
k + χ2(t)qˆ
2
k) , (89)
while one obtains
Hk,10int (t) =
√
2gk(χ1(t)qˆ
1
k − χ2(t)qˆ2k) , (90)
if Hkint(t) is applied to the state |10〉. Here, we assumed
that the coupling constants are equal, i.e. g1k = g
2
k = gk.
Apart from the function χi(t) the effective Hamiltonian
thus depends either on the sum or the difference of the
respective positions of particle 1 and 2 associated to the
canonical operators qˆik for i = 1, 2 . Similarly, one finds
for |00〉 and |01〉
Hk,00int (t) = −Hk,11int (t) , Hk,10int (t) = −Hk,01int (t) . (91)
If the unitary dynamics is exclusively generated by
Hint(t) =
∑
kH
k
int(t), the time evolution of any environ-
mental state induced by a system state |ij〉 is described
by the operator Uij(t) = exp
[−i∑k ∫ t0 dsHk,ijint (s)] . Due
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to this, the nonlocal coherence factors are given by
Λ12(t) = Tr
{
U01(t)ρEU10(t)
†} (92)
= Tr
{
exp
[√
2i
∑
k
2gk(t1(t)qˆ
1
k − t2(t)qˆ2k)
]
ρE
}
and
κ12(t) = Tr
{
U00(t)ρEU11(t)
†} (93)
= Tr
{
exp
[√
2i
∑
k
2gk(t1(t)qˆ
1
k + t2(t)qˆ
2
k)
]
ρE
}
.
For simultaneously active local interactions, i.e. tf1 = t
f
2 ,
the local interaction times ti(t) are proportional to t for
0 ≤ t ≤ tf1 . If, on the other hand, the interactions act
one after the other, assuming tf1 < t
f
2 for convenience,
one finds t1(t) = t and t2(t) = 0 for all t ∈ [0, tf1 ].
If the environmental state ρE is chosen to be again the
tensor product of identical zero-mean two-mode Gaussian
states, we can apply the results of the preceding section.
By setting A1 = 2
√
2
∑
k gkqˆ
1
k and A2 = ±2
√
2
∑
k gkqˆ
2
k
the nonlocal coherence factors Λ12(t) (+) and κ12(t) (−)
are described by the general dephasing model [Eq. (80)]
within the time interval [0, tf1 ]. Since the Gaussian states
are assumed to have zero mean, the correlation coeffi-
cient is given by KA1A2 = 〈A1A2〉/〈A21〉. Furthermore,
as ρE,k is a Gaussian state for all modes k with an asso-
ciated covariance matrix in standard form [see Eq. (38)]
implying that 〈qˆikqˆjk′〉 = δk,k′〈qˆikqˆjk〉, where 〈qˆ1kqˆ2k〉 = c+
and 〈(qˆ1k)2〉 = a, one finds for the expectation values of
A1A2 and A
2
1:
〈A1A2〉 = ±8
∑
k,k′
gkgk′〈qˆ1kqˆ2k′〉
= ±8
∑
k
g2k〈qˆ1kqˆ2k〉
= ±8αω2cc+ , (94)
and
〈A21〉 = 8
∑
k,k′
gkgk′〈qˆ1kqˆ1k′〉
= 8
∑
k
g2k〈qˆ1kqˆ2k〉
= 8αω2ca . (95)
Here, we performed the continuum limit with an ohmic
spectral density J(ω) = αω exp[−ω/ωc] resulting in∑
k g
2
k →
∫∞
0
dωJ(ω) = αω2c .
The necessary and sufficient condition given in Eq. (87)
thus reads
1± c+
a
 1
2
, (96)
which proves that we observe a strong rephasing of Λ12(t)
if and only if 1−c+/a 1/2 while the approximate non-
local coherence factor κ12(t) shows revivals if and only if
1 + c+/a 1/2 is satisfied.
1 2 3 4 5
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FIG. 7. (Color online) Approximate dynamics of |Λ12(t)|
for an environmental state described by σEPRX,r with coupling
strength α = 1 and subsequently applied interactions of
length 2.5 · 10−2 (in units of ω−1c ). Several values of the
squeezing parameter r for the squeezed vacuum are consid-
ered.
We note that for symmetric Gaussian states the quo-
tient c+/a describes the correlation coefficient Kqˆ1,qˆ2
between the canonical operators qˆ1 and qˆ2, being de-
fined by Kqˆ1,qˆ2 ≡ 〈qˆ1qˆ2〉/
√
〈qˆ21〉〈qˆ22〉. Hence, neglecting
the free evolution, strongly correlated canonical position
operators implying Kqˆ1,qˆ2 ≈ 1 yield the rephasing of
Λ12(t) within the second interaction period while anti-
correlations of the observables qˆ1 and qˆ2 result in a re-
viving coherence factor κ12(t).
For the EPR state (see Sec. IV A) we find for the cor-
relation coefficient
Kqˆ1,qˆ2 =
c+
a
= tanh(2r) , (97)
which approaches ±1 for r → ±∞, thus explaining the
occurrence and the transition of the reviving coherence
factor if the sign of the squeezing factor is changed. For
this state the nonlocal memory effects are furthermore
linked to the property of being an (approximate) projec-
tion onto some subspace of the kernel of A+ or A−. How-
ever, as the example of two-mode mixed thermal states
(73) shows, this can only be a sufficient condition. For
this type of symmetric Gaussian states the correlation
coefficient is given by
Kqˆ1,qˆ2 =
c+
a
= 1− 1
cosh(2r)
, (98)
which gets close to +1 for |r| → ∞ coinciding with our
observations.
Figure 7 depicts the dynamics of |Λ12(t)| for succes-
sively acting local interactions and a two-mode Gaussian
state described by the squeezed vacuum showing almost
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perfect rephasing. The coherence factors for the approx-
imate dynamics are given by
Λ12(t) = e
−4αω2c{a(t1(t)2+t2(t)2)−2c+t1(t)t2(t)} , (99)
κ12(t) = e
−4αω2c{a(t1(t)2+t2(t)2)+2c+t1(t)t2(t)} , (100)
if an ohmic spectral density with coupling strength α and
cutoff frequency ωc is assumed.
Applying the necessary and sufficient condition
Eq. (86) to the approximate dynamics one obtains a con-
straint for the rephasing in terms of the first and second
moments of the sum or difference of the canonical oper-
ators
〈(qˆ1 ± qˆ2)2〉  〈qˆ21〉 , (101)
which reveals that the two classes of zero-mean two-mode
Gaussian states, the squeezed vacuum and the mixed
thermal states, use different mechanism leading to non-
local memory effects. While for the mixed thermal states
the expectation value of A2− = (qˆ1 − qˆ2)2 [cf. Eq. (56)] is
constant as has been mentioned in Sec. VI, it converges
to zero for the EPR state as it defines an approximate
projection onto a subspace of the kernel of A−. For either
states, however, the right-hand side diverges for |r| → ∞.
As the diminishing effect of the free evolution is not
taken into account in the derivation of Eq. (96) we can-
not hope that this criterion yields a sufficient condition in
general if the full dynamics is considered. Despite that,
we note that the maximal non-Markovianity for all con-
sidered two-mode Gaussian states is obtained for very
short interaction times (cf. Figs. 3, 4 and 6(b)) so that
the free evolution is almost negligible. We thus claim that
under the condition ωct  1 Eq. (96) provides not only
a necessary but also sufficient condition for the occur-
rence of nonlocal memory effects under the full dynamics
describing the model.
The link between the occurrence of nonlocal memory
effects and the correlation coefficient of the canonical op-
erators is particularly interesting as one can show that
there is a unique relation between this quantity and the
generalized concurrence C(ρE) for pure two-mode Gaus-
sian states ρE :
C2(ρE) = 1−
√
1−K2qˆ1,qˆ2 . (102)
Thus, entanglement amplifies the strength of the nonlo-
cal memory effects for pure two-mode Gaussian states.
However, as reported in Sec. VI, entanglement is not
the only source for reviving nonlocal coherences. As all
two-mode Gaussian states which do not factorize have
nonzero quantum discord [18, 19], our model does unfor-
tunately not allow to distinguish the relevance of quan-
tum correlations for this effect.
VIII. CONCLUSIONS
In this paper we have studied the model of two non-
interacting two-level systems coupled locally to corre-
lated bosonic environments which was introduced pre-
viously in Ref. [8] in order to analyze the emergence of
non-Markovian effects induced by nonlocal environmen-
tal correlations.
We have derived the exact solution for the dynamical
map describing the time evolution of the open system for
an environmental state given by a tensor product of iden-
tical two-mode Gaussian states. Our results demonstrate
the occurrence of strong nonlocal memory effects due to
correlated environmental states. A non-Markovian dy-
namics with respect to an information backflow is for
example observed for squeezed thermal states. For these
zero-mean two-mode Gaussian states we have shown that
the strength of the nonlocal memory effects is uniquely
connected to the squeezing of the multimode field as a
function of the time duration of the consecutively applied
local interactions. For known mean photon numbers, the
dynamical evolution of the open system can thus be used
to determine the squeezing in multimode fields. In this
way, the locally interacting two two-level systems repre-
sent a non-Markovian dynamical quantum probe for the
squeezing parameter and angle of the squeezed thermal
state.
This probing scheme relies on independently switch-
able interactions which is motivated by the use of con-
trollable quantum sensors testing the quantum system
of interest. The non-Markovianity in the model under
consideration is directly related to the evolution of the
entanglement of two-qubit Bell states measured by the
concurrence. The preparation of these states and the
subsequent monitoring after the completion of the first
and the second interaction for various interaction lengths
suffices to reveal the squeezing of the two-mode Gaussian
states if the mean photon numbers of the bath modes are
known. We argued that the unambiguous connection of
the squeezing to the revival of entanglement of a Bell
state is also maintained for imperfect adjusted local in-
teractions which overlap or are of unequal length so that
this scheme can indeed be carried out at realistic exper-
imental conditions.
Determining the dynamics caused by two-mode mixed
thermal states we have furthermore demonstrated that
entanglement is not necessary for the occurrence of per-
fectly reviving nonlocal coherences. These separable,
correlated two-mode Gaussian states show even stronger
memory effects than the squeezed vacuum for any time
duration of the interactions.
Finally, the phenomenon of nonlocal memory effects in
this model has been explained by means of a general de-
phasing model and an approximate dynamics where the
free evolution of the bath modes is neglected. Based on
the results obtained for the general dephasing model we
derived a necessary and sufficient condition for the oc-
currence of nonlocal memory effects for sufficiently short
interaction times linking it to the magnitude of the cor-
relation coefficient of the environmental coupling oper-
ators. We showed that the rephasing of a nonlocal co-
herence factor in our model occurs for short interactions
15
compared to the environmental correlation time if and
only if the correlation coefficient of the canonical posi-
tion operators obeys
|Kqˆ1,qˆ2 | ≈ 1 . (103)
The general model reveals that the assumption of Gaus-
sian states along with environmental coupling operators
which are linear in the canonical observables are essen-
tial in order to obtain this condition. For the EPR states
condition (103) implies that the states are approximately
given by a projection onto some subspace of the kernel of
the interaction Hamiltonian. However, this does not hold
for the separable mixed thermal states which are stable
under the free evolution of the bath modes. In fact, as we
have demonstrated here, these two classes of zero-mean
two-mode Gaussian states employ quite different mecha-
nisms leading to nonlocal memory effects.
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